THE REMOVABLE SINGULARITY PROPERTY
In this de nition we consider the identity c o m p o n e n t o f A inv rather than A inv since if A inv is not connected the holomorphic function on A inv which is 1 on one of the components and 0 on the others has no holomorphic extension to A 0 . It follows from Theorem 3 given in the next section (or see 12, Theorem 3]) that our de nition is no more stringent when the range of f is allowed to be any Banach space.
Every nite dimensional Banach algebra A has the removable singularity property b y the classical Riemann removable singularities theorem 6, p. 30] and the characterization of the singular elements of A as those with determinant zero. (De ne the determinant o f a n e l e m e n t o f A as the determinant of its left regular representation 1, p. 3].)
De nition 1 was given previously in 10, p.460] for closed complex Jordan algebras of operators on a Hilbert space and used to determine the biholomorphic mappings of certain domains in these algebras. Definition 2. The holomorphic radius of a Banach algebra A is the largest number r 0 s u c h t h a t e v ery holomorphic function f : A ! C satisfying jf(x)j 1 for all x 2 D(A) also satis es jf(x)j 1 for all x 2 A with kxk r. W e denote the holomorphic radius of A by r(A).
It is always true that 1=2 r(A) 1. Indeed, let f be as in De nition 2 and let x 2 A with kxk < 1=2. Then g( ) = f( e + x) is holomorphic in C and jg( )j 1 when j j = 1 =2 since then e + x 2 D(A). (See 1, p . 4 0 ] . ) By the maximum principle, jg(0)j 1, i.e., jf(x)j 1. Hence, jf(x)j 1 for all x 2 A with kxk 1=2 b y t h e c o n tinuity o f f. T h us r(A) 1=2. It follows from the Hahn-Banach theorem that r(A) 1.
Also, r(A) = 1 i f A has the removable singularity property. S u p p o s e on the contrary that r(A) < 1. Then there exist a holomorphic function f : A ! C and a y 2 A 0 such that jf(x)j 1 for all x 2 D(A) a n d jf(y)j > 1. Therefore
is a bounded holomorphic function on D(A) with no holomorphic extension to A 0 . Further, r(A) = 1 f o r a n y C*-algebra A with identity. This follows immediately from the rst part of the maximum principle given in 8].
For C*-algebras, this asserts that if f : A ! C is a holomorphic function satisfying jf(u)j 1 for all elements u in the identity component U e of the set of all unitary elements of A, t h e n jf(x)j 1 for all x 2 A with kxk 1. Example 1. Let A = H 1 ( ), where is the open unit disc. Clearly, A inv is connected since each of its elements has a holomorphic logarithm. De ne a continuous linear functional f 1 : A ! C by f 1 (x) = e x 0 (0)=2. Then jf 1 (x)j 1 for all x 2 A 0 \A inv by 3 , Exercise 6.36] but f 1 (rj) = e r = 2 where j( ) = and 0 < r < 1. Hence r(A) 2=e. In particular, A does not have the removable singularity property. It is easy to verify that if A has the removable singularity property t h e n so does B. T h us, for example, if the product algebra A B with the max norm has the removable singularity property then so do A and B. Let S be a compact Hausdor space and let T S be a retract of S, i.e., there exists a continuous map : S ! T with (t) = t for all t 2 T. T h e above applies with (x) = xj T for x 2 C(S) a n d (x) = x for x 2 C(T). Thus if C(S) has the removable singularity property, s o d o e s C(T). In view of these results, it is natural to ask whether the removable singularity property c haracterizes those C*-algebras with real rank 0. Definition 4. A set S A is said to be a thick subset of A if the only homogeneous polynomial p : A ! C satisfying p(x) = 0 f o r a l l x 2 S is p = 0 .
MAIN RESULTS
A more stringent de nition of a \thick" subset is given in 9, p . 1 3 0 ] (where the open set should be connected).
Example 3. Let A be a C*-algebra and let S be the set of self-adjoint elements of A. Suppose p : A ! C is a homogeneous polynomial with p(x) = 0 for all x 2 S. I f z 2 A, t h e n z = x + i y , where x and y are elements of S given by x = z + z 2 y = z ; z 2 i : Hence g( ) = p(x + y) i s a n e n tire function which v anishes on the real line so g 0. In particular, p(z) = g(i) = 0 . T h us S is a thick subset of A.
Proof of Theorem 1. It follows from the remarks after De nition 2 that r(A) = 1 since A is a C*-algebra. Hence it su ces to show that part (c) of Theorem 3 (below) holds when S is the set of self-adjoint elements in A with nite spectrum. This set is thick b y Example 3 since A has real rank 0.
Suppose f : D(A) ! C is a bounded holomorphic function. Let x 2 S with x 6 = 0 and take = 1 =(1 + kxk). Given 0 < j j < , de ne g( ) = f( e+ x). Then g is bounded and holomorphic for j j < except at most nitely many points where e+ x 6 2 A inv . Therefore, these singularities are removable. Thus part (c) holds.
By the theorem below, each of the conditions (a){(d) with the additional assumption that r(A) = 1 is equivalent to the assertion that A has the removable singularity property. It is well known 5, Theorem 1.4] that a compact subset K of a domain in C is a set of removable singularities for bounded holomorphic functions when K is nite or countable (since then the 1-dimensional Hausdor measure of K is zero.) Moreover, the complement o f K is connected. Thus our proof of Theorem 1 shows that a Banach algebra A with identity has the removable singularity property i f r(A) = 1 and if the set S of all elements of A with nite or countable spectrum is a thick subset of A.
REMAINING PROOFS
Proof of Theorem 3. (a) ) (b). This follows with X = C since r(A) > 0. (b) ) (c). By (b), f has a holomorphic extension to B(0 r) = fx 2 A : kxk < r g, w h e r e r > 0. Take S = A, l e t x 2 S, and put = r=(1+kxk). Then e+ x 2 B(0 r) whenever 0 < j j < and j j < . Hence (c) holds. (c) ) (d). Let f satisfy the hypotheses of (d). Given a complex number 6 = 0 and x 2 A with x 6 = 0 , n o t e t h a t e + x 2 A e inv when k xk < j j. Hence g( ) = f( e + x) is holomorphic and satis es jg( )j (2j j) n for j j < j j=kxk. Applying the Cauchy estimates and the identity g (k) (0) = D k f( e)x, w e obtain jD k f( e)xj 2 n k!j j n;k kxk k
for all x 2 A and 6 = 0 . By (c), if x is in some thick subset of A, there is a > 0 s u c h that g( ) has a holomorphic extension to the disc j j < when 0 < j j < . B y t h e Cauchy estimates,
Hence the function !D k f( e)x has a removable singularity a t = 0 and thus is entire. We obtainD k f(e)x = 0 f o r k > n by applying the maximum principle to (1) for large disks. Therefore,D k f(e) = 0 for all k > n .
By the power series expansion of f,
for kx ; ek < 1. Since f is n-homogeneous andD k f(e) i s k-homogeneous, it follows that f(x) = 
Since r can be replaced by a n y smaller positive v alue in (3) without changing the value of f n (x), the formula (3) It follows that n!f n (x) = D n f n (e)x by the Hahn-Banach theorem. Thus, f n extends to a homogeneous polynomial of degree n on A. Further, jp(x)j r(A) n k xk n since p is n-homogeneous, so kf n (x)k kxk n r(A) n by the Hahn-Banach theorem.
Therefore, the series 1) Proof. We will show that for each x 0 2 S, there exists a holomorphic function f V de ned in a neighborhood V of x 0 such that f V agrees with f at all points of V where f is de ned.
By hypothesis, there exists an open balanced subset U of X with x 0 +U D. W e rst observe that there exists a u 2 U with u 6 = 0 a n d a n r 2 (0 1) such t h a t h(x 0 + u) 6 = 0 whenever 2 C r , w h e r e C r = f 2 C : j j = rg. Otherwise, for every u 2 U, the function g( ) = h(x 0 + u) is holomorphic at each point o f and has a sequence of zeros with a limit point i n so h(x 0 + u) = 0 b y the identity theorem for vector-valued functions 11, Finally, w e s h o w that any t wo functions f V1 and f V2 agree on V 1 \ V 2 when this set is nonempty. Clearly S is closed in D and has empty i nterior by the identity theorem. Hence each c o m p o n e n t o f V 1 \ V 2 contains a neighborhood disjoint from S. B y w h a t w e h a ve shown, the functions f V1 and f V2 agree with f on this neighborhood so f V1 = f V2 on V 1 \ V 2 by the identity theorem. Thus the required functionf is dened byf(x) = f(x) f o r x 2 D n S andf(x) = f V (x) f o r x 2 V .
Remark. The above proof shows that Proposition 4 holds for any s e t S closed in D with the following property: For each x 0 2 S there exists a u 2 X and a neighborhood V of x 0 such that the set f 2 : x+ u 2 Sg is nite for each x 2 V .
Next, we establish a removable singularity theorem where the set S of singularities apparently does not have the property m e n tioned above. Our proposition replaces the trace class restriction of 10 Proof. Our proof relies on the fact that the spectrum of a compact operator has no nonzero limit point. Adopt the notation B(Z 0 r) = fZ 2 A : kZ ; Z 0 k < r g:
We rst show that if Z 0 2 D \ E , t h e n f has a holomorphic extension to a neighborhood of Z 0 .
Since f is locally bounded, there exists an r > 0 a n d a n umber Moreover, by what we h a ve shown, the nonempty set S = D \ E is both open and closed in E, s o S = E, i.e. D \ Eis dense in E. T h us, to complete the proof, all we m ust show i s t h a t i f f 1 and f 2 are the extensions of f de ned above on the balls B 1 and B 2 , respectively, t h e n f 1 and f 2 agree on B 1 \ B 2 . This is a consequence of an argument in the proof of Proposition 4.
